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We have developed a new numerical scheme to solve r-mode oscillations of rapidly rotating poly-
tropic stars in Newtonian gravity. In this scheme, Euler perturbations of the density, three compo-
nents of the velocity are treated as four unknown quantities together with the oscillation frequency.
For the basic equations of oscillations, the compatibility equations are used instead of the linearized
equations of motion.
By using this scheme, we have solved the classical r-mode oscillations of rotational equilibrium
sequences of polytropes with the polytropic indices N = 0.5, 1.0 and 1.5 for m = 2, 3 and 4 modes.
Here m is the rank of the spherical harmonics Y ml . These results have been applied to investigate
evolution of uniformly rotating hot young neutron stars by considering the effect of gravitational
radiation and viscosity. We have found that the maximum angular velocities of neutron stars are
around 10-20% of the Keplerian angular velocity irrespective of the softness of matter. This confirms
the results obtained from the analysis of r-modes with the slow rotation approximation employed
by many authors.
04.40.Dg, 97.60.Jd, 04.30.Db
I. INTRODUCTION
About 110 years ago, Bryan analyzed oscillations of self-gravitating and spheroidal liquids and obtained the period
equations for oscillation modes whose frequencies are proportional to the angular velocity [1]. These modes are
similar to those which were investigated for rotating realistic compressible stars and named r-modes by Papaloizou &
Pringle [2] (see also e.g. [3,4]).
It is only very recently that the r-mode has been rediscovered from a standpoint of its strong instability and
intensively studied. For sufficiently rapidly rotating stars whose oscillations are coupled to gravitational radiation,
instability induced by gravitational radiation was discovered by Chandrasekhar [5] and by Friedman & Schutz [6].
Thus it is called the CFS instability (for reviews, see e.g. [7–10]). Andersson [11] has pointed out that the r-mode
oscillations suffer from the CFS instability and play a very important role in a first few years after formation of
neutron stars.
In subsequent studies by many authors (e.g. [12–17]), it has become clear that the r-mode oscillations make newly
born neutron stars significantly unstable by gravitational radiation emission for a temperature range around 109 K.
For the CFS instability of the f-mode oscillations, the effect of viscosity stabilizes neutron stars almost all range of
the temperature. Consequently the angular velocity would be affected only slightly and would become 90-95% of the
Keplerian angular velocity.
Contrast to the CFS instability of f-modes, the CFS instability of r-modes will not be stabilized for a certain range
of the temperature T of neutron stars, i.e., roughly around T ∼ 108∼10 K, even if there exists viscosity. This may be
explained by the weakness of bulk viscosity damping because the volume expansion rate of the r-mode oscillation is
small. Also the critical rotational frequency of the star from which the instability sets in is zero, in contrast to the
case of the f-modes. It leads to the enhancement of the instability as well. Due to the effect of the r-mode instability,
neutron stars which have been born with T ∼ 1011 K will lose most of their angular momentum in only one year
and settle down to slowly rotating configurations. This time scale is determined from that of cooling of newly born
neutron stars down to T ∼ 109 K. Thus there exist critical angular velocities for neutron stars above which no stable
configurations exist for each value of the temperature.
This sets a severe limit to the scenario of evolution of newly born neutron stars, in particular, to that of millisecond
pulsars. From the observational point of view, the rotational periods of neutron stars were considered to be rather
long (see e.g. [18,19]), although from the angular momentum considerations of the progenitors of neutron stars they
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could be shorter than ∼ 10 ms. Therefore, some mechanism which sets limit to the rotational periods of neutron stars
has been required and looked for. From the significant feature of the r-mode instability, it could be the promising one
which explains the observational results.
However, we should note that almost all results mentioned above have been obtained from stability analysis of slowly
rotating stars except two works by Bryan [1] and Lindblom & Ipser [14]. For example, Lockitch & Friedman [15]
have introduced the slow rotation approximation to get eigenfrequencies and eigenfunctions of the classical r-modes
and generalized r-modes for polytropic stars (about generalized r-modes, see also [14]), and Andersson, Kokkotas,
& Schutz [16] have also analyzed slowly rotating equilibrium configurations to estimate the spin evolution of young
neutron stars. As for the results of [1] and those of [14], Maclaurin spheroids were analyzed. Since realistic stars are
not incompressible fluid and newly born neutron stars might be rotating with very short periods, it would be desirable
to investigate r-mode oscillations of rapidly rotating and compressible stars.
In the previous Letter paper [20], we have shown some representative results of the classical r-mode oscillations of
rapidly rotating polytropic stars with the polytropic index N = 1. Those results have been obtained by developing a
new scheme to handle r-mode oscillations of rapidly rotating polytropic stars in Newtonian gravity. In this paper, we
will explain the new scheme in detail and show classical r-mode oscillations of rotational equilibrium configurations
for a wide range of N and m.
The numerical scheme is an extended version of the one which was used to analyze f-mode instability by Yoshida
& Eriguchi [21]. After computing r-mode oscillations for equilibrium sequences of several rotating polytropes, we
will calculate time scales of evolution due to dissipation by taking account of the effect of viscosity and gravitational
radiation and obtain critical curves for the r-mode instability in the temperature – rotational frequency plane by
following the analysis method proposed by Ipser & Lindblom [22]. In the same plane, we can also draw “evolutionary
curves” due to cooling by using the standard modified URCA process [23] or other mechanisms.
Our newly developed scheme for the oscillations of rotating stars will be explained in Section 2. In Section 3, we will
show our computational results for the classical r-mode oscillations of rotating polytropes. Time scales of evolution
due to gravitational radiation as well as viscosity will be calculated by using the eigenfrequencies and eigenfunctions
of r-mode oscillations. By using these time scales we will be able to get critical curves for the r-mode instability
and the ‘evolutionary’ curves for hot young neutron stars. Finally, in Section 4, we will discuss the uncertain issues
included in our analysis, and some other important problems which we will have to treat carefully in the future.
II. SCHEME OF LINEAR PERTURBATIONS FOR UNIFORMLY ROTATING POLYTROPES
A. Equilibrium states
In this paper we will treat uniformly rotating polytropes in the framework of Newtonian gravity. Axisymmetric
equilibrium configurations of rapidly rotating Newtonian stars are obtained by solving the hydrostatic equation,
Poisson’s equation and the equation of state as follows:
1
ρ0
∇p0 = −∇φ0 + r sin θΩ2~eR , (1)
△φ0 = 4πGρ0 , (2)
p0 = Kρ
1+ 1
N
0 , (3)
where p0, ρ0, φ0, Ω, ~eR, G, K and N are the density, the pressure, the gravitational potential, the angular velocity, a
unit vector in the R direction of the cylindrical polar coordinate (R,ϕ, z), the gravitational constant, the polytropic
constant, and the polytropic index, respectively. Through this paper, the spherical polar coordinates (r, θ, ϕ) are used.
In order to handle properly the boundary condition of the potential at infinity, the potential is transformed into the
integral representation by using the Green’s function. These equations are solved by applying the method developed
in [24].
In actual computations we have obtained three polytropic equilibrium sequences with N = 0.5, 1.0, and 1.5. The
mesh number in this paper is (r × θ) = (32× 11). Here equidistant mesh sizes in r- and θ-directions are used.
2
B. Linear perturbations of uniformly rotating and axisymmetric polytropes
Once equilibrium configurations are obtained, we can proceed to analysis of linear perturbations of equilibrium
states. Basic equations for the perturbed states can be written as follows. We will express Eulerian perturbations by
using δ, say δg for the physical quantity g. Since in this paper rotating polytropes will be employed, the linearized
equations need to be treated separately for N = 0 and N 6= 0 cases.
1. Basic equations for N 6= 0 polytropes
For N 6= 0 polytropes, the linearized equations of the continuity and the linearized equations of motion are written
as follows:
1
ρ0
∂δρ1
∂t
+
∂δu1
∂r
+
2
r
δu1 +
1
ρ0
∂ρ0
∂r
δu1 +
1
r
∂δv1
∂θ
+
1
r
1
ρ0
∂ρ0
∂θ
δv1
+
1
r
cot θδv1 +Ω
1
ρ0
∂δρ1
∂ϕ
+
1
r sin θ
∂δw1
∂ϕ
= 0 , (4)
∂δu1
∂t
+
(
1 +
1
N
)
∂
∂r
(ρ
1
N
−1
0 δρ1) +
∂δφ1
∂r
+Ω
∂δu1
∂ϕ
− 2Ω sin θδw1 = 0 , (5)
∂δv1
∂t
+
(
1 +
1
N
)
1
r
∂
∂θ
(ρ
1
N
−1
0 δρ1) +
1
r
∂δφ1
∂θ
+Ω
∂δv1
∂ϕ
− 2Ω cos θδw1 = 0 , (6)
∂δw1
∂t
+
(
1 +
1
N
)
1
r sin θ
∂(ρ
1
N
−1
0 δρ1)
∂ϕ
+
1
r sin θ
∂δφ1
∂ϕ
+ 2Ω sin θδu1
+2Ω cos θδv1 +Ω
∂δw1
∂ϕ
= 0. (7)
Here perturbed quantities of the density, three components of the velocity, (u, v, w) in the spherical coordinates, the
gravitational potential are expressed as δρ1, δu1, δv1, δw1 and δφ1, respectively. We have made use of the relation
between the perturbed pressure, δp1, and the perturbed density as follows:
δp1 =
(
1 +
1
N
)
Kρ
1/N
0 δρ1 . (8)
Since the unperturbed states are axisymmetric and stationary, all perturbed quantities can be expressed by using
the expansion as follows:
δρ1(r, θ, ϕ, t) =
∑
m
exp(i(σt−mϕ))ρm(r, θ) ,
δu1(r, θ, ϕ, t) =
∑
m
exp(i(σt−mϕ))um(r, θ) ,
δv1(r, θ, ϕ, t) =
∑
m
exp(i(σt−mϕ))vm(r, θ) , (9)
δw1(r, θ, ϕ, t) =
∑
m
exp(i(σt−mϕ))wm(r, θ) ,
δφ1(r, θ, ϕ, t) =
∑
m
exp(i(σt−mϕ))φm(r, θ) ,
where σ, ρm, um, vm, wm and φm are the oscillation frequency and the expansion coefficients of corresponding quanti-
ties, respectively.
When we define the physical quantities
3
δρ ≡ ρm ,
δur ≡ ium ,
δvθ ≡ ivm , (10)
δwϕ ≡ wm ,
δφ ≡ φm ,
and apply the above expansion, the perturbed equations become as follows:
∂δur
∂r
+
2
r
δur +
1
ρ0
∂ρ0
∂r
δur +
1
r
∂δvθ
∂θ
+
1
r
1
ρ0
∂ρ0
∂θ
δvθ
+
1
r
cot θδvθ +mΩ
1
ρ0
δρ+
m
r sin θ
δwϕ = σ
1
ρ0
δρ, (11)
−
(
1 +
1
N
)
∂
∂r
(ρ
1
N
−1
0 δρ)−
∂δφ
∂r
−mΩδur + 2Ω sin θδwϕ = σδur, (12)
−
(
1 +
1
N
)
1
r
∂
∂θ
(ρ
1
N
−1
0 δρ)−
1
r
∂δφ
∂θ
+mΩδvθ + 2Ω cos θδwϕ = σδvθ, (13)
(
1 +
1
N
)
mρ
1
N
−1
0 δρ
r sin θ
+
m
r sin θ
δφ+ 2Ω sin θδur + 2Ω cos θδvθ +mΩδwϕ = σδwϕ. (14)
2. Basic equations for N = 0 polytropes
For N = 0 polytropes, we can follow the same procedure as that for N 6= 0 polytropes by choosing the pressure
perturbation as one of the unknown quantities instead of the density perturbation. The final equations can be written
as follows:
∂δur
∂r
+
2
r
δur +
1
r
∂δvθ
∂θ
+
1
r
cot θδvθ +
m
r sin θ
δwϕ = 0, (15)
− 1
ρ0
∂δp
∂r
− ∂δφ
∂r
+mΩδur + 2Ω sin θδwϕ = σδur, (16)
− 1
ρ0
1
r
∂δp
∂θ
− 1
r
∂δφ
∂θ
+mΩδvθ + 2Ω cos θδwϕ = σδvθ, (17)
1
ρ0
mδp
r sin θ
+
m
r sin θ
δφ+ 2Ω sin θδur + 2Ω cos θδvθ +mΩδwϕ = σδwϕ. (18)
3. Compatibility conditions
Instead of solving the basic equations derived above, we make use of the compatibility relations among the equations
of motion, in particular, the compatibility equations between Eqs. (12) and (14) and between Eqs. (12) and (13) for
N 6= 0 models or those between Eqs. (16) and (18) and between Eqs. (16) and (17) for N = 0 models. They can be
written both for N 6= 0 and N = 0 cases as follows:
2rΩ sin2 θ
m
∂δur
∂r
+
2rΩ sin θ cos θ
m
∂δvθ
∂r
+
r sin θ
m
(mΩ− σ)∂δwϕ
∂r
+
[
(mΩ− σ) + 2
m
Ω sin2 θ
]
δur +
2Ω
m
sin θ cos θδvθ + (3Ω− σ
m
) sin θδwϕ = 0, (19)
r(mΩ − σ)∂δvθ
∂r
+ 2rΩcos θ
∂δwϕ
∂r
− (mΩ− σ)∂δur
∂θ
− 2Ω sin θ∂δwϕ
∂θ
+(mΩ− σ)δvθ = 0. (20)
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4. Perturbed gravitational potential
The perturbed gravitational potential can be expressed by using the integral form as follows:
δφ = −4πG
∑
n,m
∫ pi
2
0
dθ′ sin θ′
(n−m)!
(n+m)!
Pmn (cos θ)P
m
n (cos θ
′)
×
∫ rs(θ′)
0
dr′r′2fn(r, r
′)δρ
−4πG
∑
n,m
∫ pi
2
0
dθ′ sin θ′
(n−m)!
(n+m)!
Pmn (cos θ)P
m
n (cos θ
′)
×fn(r, rs(θ′))ρ0(rs(θ′), θ′)δrs(θ′) , (21)
where rs(θ) is the surface radius of the equilibrium configuration and δrs is the change of the surface. Here, functions
fn(r, r
′) are defined as
fn(r, r
′) =
{
1
r (
r′
r )
n (r′ < r),
1
r′ (
r
r′ )
n (r′ ≥ r), (22)
and Pmn ’s are associated Legendre polynomials.
It is noted that the boundary conditions for the gravitational potential, i.e. regularity condition throughout the
space and the flatness at infinity, are automatically included in this integral representation.
5. Boundary conditions on the stellar surface
Since the perturbed gas must flow along the perturbed surface, the boundary condition for the flow velocity on the
surface (for N 6= 0 configurations) or that for the surface (for N = 0 configurations) can be expressed as follows:
∂ρ0
∂r
δur +
1
r
∂ρ0
∂θ
δvθ + (mΩ− σ)δρ = 0 , (23)
for N 6= 0 polytropes, or
− δur + δvθ
rs
drs
dθ
+ (mΩ− σ)δrs = 0 , (24)
for N = 0 polytropes.
For N = 0 polytropes, since the unknown quantity δrs has to be solved in addition to other physical quantities, we
need to include the following relation which is satisfied on the surface:
δps = −
(
∂p0
∂r
)∣∣∣∣
s
δrs = ρ0
[(
∂φ0
∂r
)
− rs sin2 θΩ2
]∣∣∣∣
s
δrs . (25)
6. Solving scheme
Our basic equations and boundary conditions are Eqs. (11), (14), (19), (20), and (23) for N 6= 0 polytropes and
Eqs. (15), (18), (19), (20), (24), and (25) for N = 0 polytropes, although we will not show the results for N = 0
polytropes in this paper.
In order to handle the surface boundary conditions as precisely as possible, we introduce surface–fitted coordinates
as follows (see e.g. [24–26]):
r∗ ≡ r
rs(θ)
, (26)
θ∗ ≡ θ . (27)
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We choose equidistantly spaced mesh points on the r∗- and θ∗-coordinates. The basic equations expressed in the
new coordinate system are discretized on these mesh points. The derivatives with respect to r∗ and θ∗ are replaced
by the central difference scheme with the second order accuracy for the most mesh points except for those near the
surface and the equatorial plane. The derivatives with respect to r∗ near the surface and those with respect to θ∗
near the equator are replaced by difference schemes with higher order accuracy.
Instead of solving the eigenvalue problem directly, we add one more condition to the basic equations of the system
and solve for all the unknown quantities simultaneously by using the Newton-Raphson iteration scheme. Since we
focus only on the classical r-mode in this paper, we adopt the following condition as the additional equation:
δvθ = 1.0 , on the equatorial surface . (28)
III. NUMERICAL RESULTS
We have computed equilibrium sequences of uniformly rotating polytropes with N = 0.5, 1.0 and 1.5 by starting
from spherical models to terminal models which are configurations just before shedding mass from the equatorial
surface. By using these equilibrium models, classical r-mode oscillations for m = 2, 3 and 4 modes have been solved
and eigenfrequencies and eigenfunctions have been obtained. In the actual numerical computations, the mesh number
in (r∗, θ∗) coordinates is the same as that used in obtaining the equilibrium configurations, i.e. (r∗ × θ∗) = (32× 11).
A. Eigenfrequencies and eigenfunctions of the r-mode oscillations
In Figs. 1–3, the eigenvalue of the m = 2 r-mode is plotted against the dimensionless angular velocity of the
equilibrium configurations for N = 1.0, 1.5. and 0.5 polytropes, respectively. In these figures, the eigenfrequency σ
is normalized by using the angular velocity Ω and the angular velocity is normalized as Ω/
√
4πGρc. Here ρc is the
central density of the star.
Since classical r-mode oscillations of polytropes have been investigated by using the slow rotation approximation
to the third order of the angular velocity in [17], we can compare our results with theirs. As seen from these figures
except Fig. 3, the relative errors between the numerical results and those of the approximate results are 0.4% for
the slowest configurations. It is natural that for rather rapid rotational models difference becomes larger because the
assumption of slow rotation is violated.
Fig. 4 shows the eigenfrequencies of N = 1.0 rotating polytropes for different values of m. From this figure, it is
clear that the behaviors of the eigenfrequency along the rotational sequence for different values of m are almost the
same. This is also found for N = 0 incompressible configurations, i.e. for Maclaurin spheroids [14]. In Fig. 5, the
eigenfrequencies of N = 0.5, 1.0 and 1.5 polytropes for m = 3 perturbations are plotted.
In Figs. 6–7, we have plotted the profile of the perturbed quantities, (δur, δvθ, δwϕ, δρ), against the radial distance
normalized by the stellar radius, i.e. r∗. Figs. 6 and 7 display the distributions of the r-mode oscillation of the
polytropes with N = 1.0 for rp/re = 0.99 and rp/re = 0.71 models, respectively. Here rp and re are the polar radius
and the equatorial radius, respectively.
B. CFS instability
In order to analyze the stability due to dissipative mechanisms such as gravitational radiation and viscosity, there
are several schemes to include the dissipative forces. A direct method is to solve the perturbed equations of motion in
which the forces due to gravitational radiation and viscosity are taken into account [21]. Another method is to evaluate
the time scales of the system change due to gravitational radiation and viscosity [22] (see also [8–10]). Although two
methods are essentially the same, the formulation of the latter method is very simple. Thus in this paper we will
follow the Ipser-Lindblom method.
In their method, the time derivative of the energy of the oscillation mode plays an important role. The energy of
the mode, E(t), as measured in the rotating frame can be expressed as
E(t) =
1
2
∫ [
ρ0δv
aδv∗a +
(
δp
ρ0
− δφ
)
δρ∗
]
d3x , (29)
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where ∗ represents complex conjugation. From this definition and by using the perturbed continuity, the perturbed
equations of motion with the dissipative forces and the perturbed Poisson’s equation, we can get the following
expression for the time derivative of the mode energy in the rotating frame:
dE
dt
≡ dEgr
dt
+
dEs
dt
+
dEb
dt
, (30)
where
dEgr
dt
≡ −σ(σ −mΩ)
∑
l≥2,l≥m
Nlσ
2l
(
|δDlm|2 + |δJlm|2
)
, (31)
dEs
dt
≡ −
∫
2ηδσabδσ∗abd
3x , (32)
dEb
dt
≡ −
∫
ζ |δΘ|2 d3x . (33)
Here Nl, Dlm, Jlm, η, ζ, σab and Θ are a coupling constant, the mass multipole, the mass current multipole, the
coefficient of shear viscosity, the coefficient of bulk viscosity, the shear and the expansion, respectively. They are
defined as:
Nl ≡ 4πG
c2l+1
(l + 1)(l + 2)
l(l − 1)[(2l + 1)!!]2 , (34)
Dlm ≡
∫
rlρY ∗ml d
3x , (35)
Jlm ≡ 2
c
1
l + 1
∫
rl(ρ~v) · (~r ×∇Y ∗ml )d3x , (36)
σab ≡ ∇(avb) −
Θ
3
δab , (37)
Θ ≡ ∇cvc , (38)
where c is the speed of light and a round bracket in the subscript means symmetrization among indices.
For slowly rotating Newtonian stars, the eigenfrequency to the first order of the angular velocity is expressed as
[2,3]
σslow =
(
m− 2m
l(l + 1)
)
Ω . (39)
From this eigenfrequency for slowly rotating Newtonian stars, the coefficient of the energy dissipation rate due to
gravitational radiation Eq. (31), i.e. the first term in the righthand side of Eq. (30), becomes positive as follows:
− σslow(σslow −mΩ) = 2m
2(l − 1)(l + 2)
l2(l + 1)2
Ω2 > 0 . (40)
Consequently, since the time derivative of the energy dissipation due to gravitational radiation becomes positive,
gravitational radiation makes the system unstable by growing the perturbation.
On the other hand, as seen from the second and third terms in the righthand side of Eq. (30), viscosity works as
a stabilizing factor for the system. Therefore, if we compare the time scale of gravitational radiation and that of
viscosity, we will be able to conclude the stability of the system.
The time scale of the system change due to dissipation can be defined as the inverse of the imaginary part of the
mode eigenfrequency, τr as follows:
1
τr
=
E˙gr + E˙s + E˙b
2E
≡ 1
τgr
+
1
τs
+
1
τb
, (41)
where ˙ = d/dt. Positive values of τ−1r imply that the effect of gravitational radiation emission overcomes the stabi-
lization effect due to viscosity. In other words, the system is in an unstable state. Therefore, the critical condition
which divides stable and unstable configurations can be defined by the following equation:
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1τr
= 0 . (42)
In order to evaluate the time scales we need to know the viscosity coefficients at high density regions. As for the
origin of the viscosity, we adopt the same mechanisms as [22]. The shear viscosity is owing to neutron-neutron or
electron-electron collisions in the neutron matter when the temperature of the star is not so high. On the other hand,
for high temperature regions, the bulk viscosity which is due to the energy generation caused by compression of the
neutron star matter because the time scale to balance between β-decay and inverse β-decay is longer than that of
the dynamical perturbed motion of the star is dominant. The coefficients of each viscosity are written as follows
[22,27,28]:
ηnn = 2.0× 1018 ρ9/415 T−29 g cm−1s−1 , (43)
ηee = 6.0× 1018 ρ215 T−29 g cm−1s−1 , (44)
ζ = 6.0× 1025ρ215 (σ −mΩ)−2T 69 g cm−1s−1 , (45)
(46)
where
ρ15 ≡ ρ
1015 g cm−3
, (47)
T9 ≡ T
109 K
. (48)
For lower temperature regions, we need to consider only electron-electron collisions for the coefficient of shear.
C. Evolution of hot young neutron stars
In this paper we will choose the polytropic constant K so that the mass and the radius of the star become
M = 1.4M⊙ and R ≈ 12.5km in the spherical limit. We will call this star a canonical neutron star. If we specify the
polytropic index, the value of the polytropic constant K is uniquely determined.
1. Critical curve for the r-mode instability
The critical condition (42) depends on the structure of the unperturbed configuration, the eigenfunctions of the
perturbed state, the eigenfrequency and the temperature. Since we assume the polytropic relation for the canonical
neutron stars and consider only classical r-modes, the structure of the equilibrium state, the eigenfunctions and the
eigenfrequency are all determined by specifying the angular velocity in addition to the polytropic index N and the
mode number m. Thus the critical condition can be considered to be a function of the angular velocity and the
temperature as well as N and m. In other words, once we specify the values of N and m, the critical condition can
be expressed as a critical curve on the temperature – rotational frequency plane.
2. ‘Evolutionary’ curve for the stellar spin
It is not easy to follow realistic evolution of neutron stars by considering the effect of gravitational loss and viscosity
as well as the effect of cooling due to neutrino loss. Thus we will choose a different approach.
Once cooling mechanisms are specified, we can estimate cooling time scales of the neutron star. In this paper, we
assume that the standard modified URCA process is dominant in the initial stage of the neutron star formation [23].
For this process, the effective cooling time scale is a function of the stellar temperature and defined by
τcool =
[
d lnT9
dt
]−1
=
6tc
T 69
, (49)
where tc is a cooling time for the modified URCA process, typically ∼ 1y.
Since the neutron stars evolve due to radiation of gravitational wave and neutrino loss, we can define a critical state
where the time scales of two mechanisms are the same as follows:
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τr = τcool . (50)
Since this state is also a function of the rotational frequency and the temperature if N and m are specified, we can
draw an ‘evolutionary’ curve of the stellar spin, whose meaning is made clear in the following discussion, on the
rotational frequency–temperature plane.
3. Spin evolution of canonical neutron stars
In Figs. 8–12, critical curves for the classical r-modes instability are drawn in the rotational frequency, f , and the
temperature plane for different values of N and m. Above these solid curves, the instability due to gravitational wave
emission overcomes the stabilizing effect of viscosity and consequently neutron stars become unstable.
In these figures, the evolutionary curves of the stellar spin are also shown by dashed curves. Above these curves,
cooling time scale of each cooling mechanism is longer than the instability time scale. It implies that in this region
the neutron stars evolve nearly downwards by losing the angular momentum but keeping the temperature constant.
In the region below these curves, the stars sweep leftwards due to neutrino loss by keeping the rotational frequency
almost constant.
Suppose we fix a cooling mechanism of the star. It is certain that neutron stars are born with high temperature
with T ∼ 1011 K. Concerning the rotational frequency of the newly born neutron stars, they may not rotate so rapidly
compared with the rotational frequency of the Kepler limit [18,19] but may rotate with certain rotational frequencies
above the minimum value of the critical curve. It implies that such newly born neutron stars are clearly located below
the critical curve at the right side of the T –f plane. Since this region is also below the evolutionary curve, cooling
stars move almost horizontally to leftwards on this plane.
During the evolution due to cooling, the stars come to and cross the critical curve. Once they come into the regions
above the critical curve, the r-mode instability due to gravitational radiation loss starts working significantly. As
a result, the stars would evolve downwards vertically. However, the stars are still located below the evolutionary
curve and the time scale of cooling is smaller than that of the instability. Therefore, due to this cooling effect, the
stars move to leftwards almost horizontally on the plane. Eventually the stars go across the evolutionary curve. As
soon as they cross the curve, the instability works efficiently and the stars move downwards vertically. If they cross
the evolutionary curve once more, the cooling effect becomes dominant again and the stars will evolve horizontally.
Consequently we can consider that the stars evolve almost along the evolutionary curve of the cooling mechanism
being considered. In this sense we can regard the evolutionary curves as curves along which the spin evolution of a
cooling star takes place.
As seen from Figs. 8–12, the evolutionary curves are located above the critical curves. This means that the evolution
mentioned above will come to an end because they go out of the unstable region of the gravitational radiation and
reach the lower left part of the T –f plane. Consequently, the neutron stars will settle down to the states with the
rotational frequencies corresponding to the minimum values of the corresponding evolutionary curve for each cooling
channel.
In Figs. 8–10, we show the critical and evolutionary curves for m = 2, m = 3 and m = 4 modes, respectively. From
these figures, the minimum values of critical curves are about 100Hz, 200Hz, and 300Hz for the m = 2, m = 3, and
m = 4, respectively. Therefore we can see that the instability of the m = 2 mode dominates other modes with higher
values of m.
In Figs. 11–12, we show the critical and evolutionary curves of polytropes with N = 0.5 and N = 1.5 for the m = 2
r-mode. These results are almost the same as the result of N = 1.0 polytropes. It means that the classical r-mode
instability depends little on the compressibility. This agrees with the result of [13] in which they conclude that the
instability is insensitive to the equation of state. In particular, the smallest values of the rotational frequency of the
critical curves seem to be determined uniquely irrespective of the polytropic index as far as the value of m is the same.
Thus we can conclude that neutron stars will settle down to states with a unique rotational frequency, i.e. around
100Hz.
As a summary, neutron stars which are born with high temperature (1011K) and rather rapid rotational frequency
(a few times of 100Hz) will be spun down to about 100Hz by the effect of the gravitational instability on a quite short
time scale.
IV. DISCUSSION
In this paper we have developed a new numerical method for solving the r-mode oscillations of rapidly rotating
compressible stars. By using the obtained eigenfrequencies and eigenfunctions, we have calculated the condition for
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occurrence of the gravitational radiation induced instability. By combining the cooling of the neutron stars and the
instability, we have confirmed the evolutionary scenario of hot young neutron stars proposed from the slow rotation
approximation, in particular, considerable spin down of the neutron stars with rather high rotation rates of initial
spins on a very short time scale (e.g. [13,29]). The shortness of the spin down time scale implies that this mechanism
would, effectively, result in “birth of slowly rotating neutron stars” because it would be difficult to observe the very
initial stage with rather high rotational frequencies during one or so years just after the formation of neutron stars.
This might be the reason of observational data of nonexistence of pulsars with very short initial spin periods [18,19].
It should be noted that our analysis has been carried out under some restricted assumptions. First, we have
formulated the problem in the framework of Newtonian gravity. In order to get quantitatively correct values we
have to use general relativity, although it is considerably difficult to solve oscillations of not only the matter but also
the gravitational field. At the moment, no one has succeeded in treating the perturbations of the gravitational field
of axisymmetric configurations except obtaining neutral points for f-mode oscillations [32]. Concerning the r-mode
oscillations in general relativity, there arises another problem. Since there is the frame dragging, the effective angular
velocity cannot be uniform any more. Some authors suggest that this may make the problem a singular eigenvalue
problem [33] (see also [34]).
Second, we have to treat the realistic equation of state for the neutron star matter instead of simplified equations
of state such as polytropes. However, as has been known from the slow rotation approximation [2–4] and as we have
shown for rapidly rotating models in this paper, there arise little differences of the oscillations of polytropes with
different polytropic indices. Therefore, even if we treat the realistic equation of state, the situation would not change
drastically as far as the classical r-modes are concerned.
Third, there is some uncertainty about the cooling process. Although the modified URCA process has been taken
as the standard mechanism of the neutron star cooling, there are some other mechanisms which would contribute to
cooling of neutron stars. Therefore, we have computed evolutionary curves by introducing several possible cooling
mechanisms. Fig. 13 shows such curves for several cooling processes: the neutrino bremsstrahlung, the quark β decay,
the pion condensation, and the direct URCA cooling model, beside the modified URCA process. In our calculations,
the time scale of the direct URCA process is taken from [30] and those of other processes are taken from [23] (see also
[31]). As seen from this figure, other cooling mechanisms give obviously different evolutionary curves or “evolutionary
paths”. Concerning the minimum values of the evolutionary curves, however, differences among different cooling
processes are rather small. In other words, the final rotational frequencies depend weakly on the cooling mechanisms.
Consequently the final rotational frequencies would be around 50 ∼ 180Hz as far as the scenario mentioned above
works for the hot young neutron stars.
Fourth, the assumption that neutron stars rotate uniformly is also uncertain. Since we are dealing with the very
beginning of the neutron star formation stages, newly born neutron stars may rotate differentially, although they will
soon settle down to uniform rotation on a time scale of several years. The r-mode oscillations of differentially rotating
stars are another problem. There may arise a corotation point within the star and the similar problem as that in
general relativity needs to be solved.
In addition to these problems, we have to discuss the following crucial issues which may play a more important role
in realistic formation and evolution of neutron stars than the above mentioned things.
The superfluidity is one of the most important but poorly understood physics about the realistic neutron stars. Some
authors (e.g. [35]) have suggested that the effect of the superfluid might suppress the r-mode instability completely in
the low temperature regions, while other authors have assumed that this effect might not be strong enough [40] (see
also [16]). In this paper, we assume that the superfluidity will not work effectively. In fact, since the realistic neutron
star matter cannot be examined by any present experiments on the earth, the only way to estimate this effect may
be the comparison between the theoretical works and the observational data.
The existence of a solid crust may be another important factor for the r-mode instability. Bildsten & Ushomirsky [36]
have suggested that the existence of the solid crust whose thickness is ∼ 1 km would work as a stabilizing factor of
the r-mode instability and that the minimum rotational frequency might be 40% of that of the Kepler limit. However,
it is not clear whether or not the solid crust has formed only in a year or so from the formation of the neutron star.
Furthermore, it is uncertain about the transition region from the fluid to the solid. Thus we have not taken the effect
of the crust into our considerations in this paper.
The most important factor concerning the neutron star evolution may be the presence of the magnetic field. There
is a high possibility that hot young neutron stars might spin down by the effect of the magnetic field and/or that
neutron stars might be born with rather slow rotation rates because the angular momentum is transferred by the
effect of the magnetic field from the core to the envelope during the evolution of the massive stars (e.g. [16,18,19,37]).
Inclusion of magnetic fields may change the r-mode characteristics itself. For instance, magnetic braking may enhance
the instability by increasing the amplitude of the mode [38]. Also suggested is that the CFS instability by the Alfve´n
wave radiation may exist for stars with strong magnetic fields. On the other hand it is argued [39] that the drifting
fluid motion produced by the r-mode may generate strong toroidal magnetic fields. This may suppress the growth
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of the r-mode amplitude. Therefore, the realistic evolution of the neutron stars have to be studied by including the
r-mode instability as well as the effect of magnetic fields in the future.
[1] G. H. Bryan, Phil. Trans. Roy. Soc. London A180, 187 (1889).
[2] J. Papaloizou and J. E. Pringle, Mon. Not. R. Astr. Soc. 182, 423 (1978).
[3] J. Provost, G. Berthomieu, and A. Rocca, Astron. Astrophys. 94, 126 (1981).
[4] H. Saio, Astrophys. J. 256, 717 (1982).
[5] S. Chandrasekhar, Phys. Rev. Lett. 24, 611 (1970).
[6] J. L. Friedman and B. F. Schutz, Astrophys. J. 222, 281 (1978).
[7] J. L. Friedman and J. R. Ipser, Phil. Trans. Roy. Soc. London A 340, 391 (1992); in Classical General Relativity, edited
by S. Chandrasekhar (Oxford University Press, Oxford, 1993), p.55.
[8] L. Lindblom, in Proceeding of the 14th International Conference on General Relativity and Gravitation, edited by M.
Francaviglia, G. Longhi, L. Lusanna and E. Sorace (World Scientific, Singapore, 1997), p.237.
[9] L. Lindblom, in Relativistic Astrophysics, edited by H. Riffert, H. Ruder, H. P. Nollert, and F. W. Hehl (Vieweg Verlag,
Wiesbaden, 1997).
[10] J. L. Friedman and K. H. Lockitch, Prog. Theor. Phys. Suppl. 136, (1999) in press (gr-qc/9908083).
[11] N. Andersson, Astrophys. J. 502, 708 (1998).
[12] J. L. Friedman and S. M. Morsink, Astrophys. J. 502, 714 (1998).
[13] L. Lindblom, B. Owen, and S. Morsink, Phys. Rev. Lett. 80, 4843 (1998).
[14] L. Lindblom and J. R. Ipser, Phys. Rev. D59, 044009 (1999).
[15] K. H. Lockitch and J. L. Friedman, Astrophys. J. 521, 764 (1999).
[16] N. Andersson, K. Kokkotas, and B. F. Schutz, Astrophys. J. 510, 846 (1999).
[17] Sj. Yoshida and U. Lee, Astrophys. J. 529, (2000) in press (astro-ph/9908197).
[18] R. Narayan, Astrophys. J. 319, 162 (1987).
[19] D. R. Lorimer, M. Bailes, R. J. Dewey, and P. A. Harrison, Mon. Not. R. Astr. Soc. 263, 403 (1993).
[20] S. Yoshida, S. Karino, Sj. Yoshida, and Y. Eriguchi, Mon. Not. R. Astr. Soc. submitted (astro-ph/9910532).
[21] S. Yoshida and Y. Eriguchi, Astrophys. J. 438, 830 (1995).
[22] J. R. Ipser and L. Lindblom, Astrophys. J. 373, 213 (1991).
[23] S. L. Shapiro and S. Teukolsky, Black Holes, White Dwarfs and Neutron Stars (Wiley, New York 1983).
[24] Y. Eriguchi and E. Mu¨ller, Astron. Astrophys. 146, 260 (1985).
[25] Y. Eriguchi and E. Mu¨ller, Astron. Astrophys. 248, 435 (1991).
[26] K. Uryu and Y. Eriguchi, Mon. Not. R. Astr. Soc. 269, 24 (1994); 277, 1411 (1995); 282, 653 (1996).
[27] E. Flowers and N. Itoh, Astrophys. J. 230, 847 (1979).
[28] R. F. Sawyer, Phys. Rev. D39, 3804 (1989).
[29] B. J. Owen, L. Lindblom, C. Cutler, B. F. Schutz, A. Vecchio, and N. Andersson, Phys. Rev. D58, 084020 (1998).
[30] C. J. Pethick, Rev. Mod. Phys. 64, No.4, 1133 (1991).
[31] G. Baym and C. J. Pethick, Ann. Rev. Astron. Astrophys. 17, 415 (1979).
[32] N. Stergioulas and J. L. Friedman, Astrophys. J. 492, 301 (1998).
[33] Y. Kojima, Mon. Not. R. Astr. Soc. 293, 49 (1998).
[34] Y. Kojima and M. Hosonuma, Astrophys. J. 520, 788 (1999).
[35] L. Lindblom and G. Mendell, Astrophys. J. 444, 804 (1995).
[36] L. Bildsten and G. Ushomirsky, Astrophys. J. Lett. 529, L33 (2000).
[37] H. Spruit and E. S. Phinney, Nature 393, 139 (1998).
[38] W. C. G. Ho and D. Lai, preprint (astro-ph/9912296), (1999).
[39] L. Rezzolla, F. K. Lamb, and S. L. Shapiro, preprint (astro-ph/9911188), (1999).
[40] N. Andersson, K. Kokkotas, and N. Stergioulas, Astrophys. J. 516, 307 (1999).
FIG. 1. The eigenfrequency normalized by the angular velocity, σ/Ω, of the m = 2 r-mode is plotted against the dimen-
sionless angular velocity, Ω/
√
4piGρc, for N = 1.0 polytropes. Solid and dashed curves show our numerical result and the
approximate result obtained in [17], respectively. The relative difference between them, at the slowest rotational frequency, i.e.
Ω/
√
4piGρc ≈ 0.02, is 0.4%.
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FIG. 2. Same as Fig. 1 but for N = 1.5 polytropes. The sequence terminates around Ω/
√
4piGρc ∼ 0.15 because it is difficult
to obtain smooth eigenfunctions for more rapidly rotating configurations.
FIG. 3. Same as Fig. 1 but for N = 0.5 polytropes. Since there are no results of the slow rotation approximation in [17],
only our results are shown.
FIG. 4. Same as Fig. 1 but for different values of m, i.e. m = 2 (solid curve), m = 3 (dashed curve) and m = 4 (dotted
curve).
FIG. 5. Same as Fig. 1 but for m = 3 and for different values of N , i.e. N = 0.5 (dashed curve), N = 1.0 (solid curve) and
N = 1.5 (dotted curve).
FIG. 6. The behavior of the eigenfunctions of the m = 2 r-mode for the N = 1 polytrope with rp/re = 0.99 where rp andre
are the polar radius and the equatorial radius of the surface, respectively. Distributions along the r∗-direction of the perturbed
quantities are shown: δur (upper left panel), δvθ (upper right panel), δwϕ (lower right panel), and δρ (lower left panel). It is
noted that the surface is located at r∗ = 1.0. In each panel, distributions of different θ values are shown by different curves: A
curve with No. L is the distribution at θ = pi/10 ∗ L.
FIG. 7. Same as Fig. 6 but for the rapidly rotating model with rp/re = 0.71. The angular velocity is about 90% of that of
the Kepler limit.
FIG. 8. Critical rotational frequency for the m = 2 r-mode against the stellar temperature is plotted by the solid line for
N = 1 polytropes. This curve is obtained from the condition that 1/τr = 0 (see the text for details). This solid line divides the
space into two distinct regions: one for the stable states and the other for the unstable states. In addition, the evolutionary
curve is also plotted by the dashed line. This curve is obtained by equating the dissipation time scale and the cooling time
scale, i.e τr = τcool. The cooling time scale is assumed to be due to the modified URCA process.
FIG. 9. Same as Fig. 11 but for the m = 3 mode.
FIG. 10. Same as Fig. 11 but for the m = 4 mode.
FIG. 11. Same as Fig. 11 but for the N = 1.5 polytrope.
FIG. 12. Same as Fig. 11 but for the N = 0.5 polytrope.
FIG. 13. Several evolutionary curves are shown for different cooling mechanisms. Meanings of the curves are shown in the
figure. The thick solid curve is the critical curve of the N = 1 polytrope for the m = 2 mode. It should be noted that the
smallest values of the frequency of evolutionary curves are all located around 100Hz.
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